Introduction
Definition 1 An affine structure on a n-dimensional Lie algebra g over R, is a bilinear map
for all X, Y, Z ∈ g.
To define an affine structure on a Lie algebra g corresponds to give a left invariant affine flat and torsionfree connection on a connected Lie group G of associated Lie algebra g.
Any Lie algebra equipped with a symplectic form can be equipped with an affine structure. On the other hand there exist (2p + 1)-dimensional Lie algebras with contact form and no affine structure. But each nilpotent contact Lie algebra is a one-dimensional central extension of a symplectic algebra. The aim of this work is to study how we can extend, under certain conditions, the symplectic stucture.
Nilpotent Lie algebras with a contact form
Definition 2 Let g be an (2p + 1)-dimensional algebra. A contact form on g is a linear form ω = 0 of g * such that ω ∧ (dw) p = 0. In this case (g, ω) or g is called a contact Lie algebra.
Thus there exists X such that ω(X) = 0 and X dω = 0, where denotes the inner product. The vector X belongs to the characteristic subspace and ω ∧ dω p = 0. Thus ω(Z(g)) = 0 which proves that dim Z(g) ≤ 1. If moreover the Lie algebra g is nilpotent then dim Z(g) = 1 as the center of a nilpotent Lie algebra is never zero.
Corollary 4 Let g be a contact nilpotent Lie algebra. Then g/Z(g) is a symplectic Lie algebra.
Thus any contact Lie algebra is a one-dimensional central extension of a symplectic Lie algebra:
As any symplectic nilpotent Lie algebra can be equipped with an affine structure, we have
Proposition 5 Any nilpotent contact Lie algebra is a one-dimensional central extension of an affine Lie algebra.
3 Affines structures on nilpotent contact Lie algebras 3.1 Extension of symplectic affine structure Let (g 2p , θ) be a symplectic nilpotent Lie algebra and ∇ the affine structure coming from this symplectic forme that is
where f (X) is the following endomorphism:
Let g be the contact Lie algebra defined by the one-dimensional extension
The Lie algebra g identified with g⊕V has the following brackets
where ϕ is a bilinear map on g such as
Lemma 6 the operator ∇ satisfies the following identity:
Proof. We have for all X, Y ∈ g and λ, µ ∈ K
which implies that
The operator ∇ is associated to a flat torsionfree connection on g .
We can note that if ∇ ′ is another bilinear map on g such that π * ∇ ′ = ∇, the nullity of the torsion of the linear connection associated to ∇ ′ implies that ∇ ′ satisfies the same conditions ( * ). This justifies the choice of the conditions ( * ).
As we want that ∇ defines an affine structure on g, we introduce, in order to study the curvature of the linear connection associated to ∇, the following application:
This gives:
This follows directly when we develop the expressions.
In fact
Let us write some necessary conditions for the application C to be equal to zero. Let π be the canonical projection of g on g, that is :
Let us identify (X, 0) with X which permits to consider g as a vector subspace of g. Let us denote V X the vector definied by
If C = 0 we have: C((X, 0) , (Y, 0) , (Z, 0)) = 0 which implies that:
Remark. If ϕ = 0, we have θ = 0, the extension is trivial and we came out of the symplectic case. The operator ∇ define by
give an affine structure on g = g ⊕ R which is a direct sum of ideals We must then suppose that ϕ = 0.
Case
and we deduce from the lemma the following relations:
For all X ∈ g we define a X ∈ R by
The nullity of the curvature tensor implies that ( * * )
As θ is of maximal rank, for all X ∈ g, there exists Y, Z ∈ g such as θ (X, Z) = 0 = θ (X, Y ) and θ (Y, Z) = 1. The first of the relations ( * * ) implies that
for all X ∈ g. Then we have
Let us chose X, Y ∈ g such that θ (X, Y ) = 1. We can deduce π( ∇ ((0, 1) , (0, 1))) = 0 and then
Let us denote the linear form α de g * defined by α(X) = a X . If a = 0, then θ (X, Y ) = 1 a dα(X, Y ). The symplectic cocycle θ is then exact. But on any nilpotent Lie algebra, the class of linear forms is odd ( [G] ). We deduce that it can not exist exact symplectic form on g and the previous equality can not be true. If a = 0, ∇ ((0, 1) , (0, 1)) = 0 and
Then the application α : g →R given by α(X) = a X defines a one-dimensional linear representation.
Proposition 9
The application ∇ on the contact Lie algebra g given by
where ∇ is the affine strucutre on g = g Z( g) associated to the symplectic structure θ is an affine structure if there exits a one-dimensional representation of g such that
General case
We still suppose
We saw that the nullity of the curvature of the connection associated to the bilinear application ∇ implies:
Let us suppose that we have X ∈ g such that V X = 0. Let us take a vector X satisfying this property. The orthogonal space for θ of the space R {X} is of codimension 1. Let Y ∈ R {X} ⊥ . Then θ (X, Y ) = 0 and
If we can find a vector Z ∈ g such as ϕ (Y, Z) = 0, we have that V Y = 0 and in this case the non zero vectors V X and V Y are colinear. Let us assume that
for all Z ∈ g. Let us consider a basis (X 1 , ..., X 2m ) of g in which the matrix of θ is reduced to the following form:
This shows that the matrix of ϕ is at least of rank 2 because
For instance, if g is 4-dimensional, the matrix of ϕ would be of the following form:
We can suppose that ϕ (X 1 , ·) = 0 (in other case, there would exist a vector X i such that ϕ (X i , Z) = 0 since ϕ is of non zero rank and it is sufficient to take a basis adapted to θ with X i as first vector). Let Y belong to vector space {X 3 , ..., X 2n }; we have that θ (X 1 , Y ) = 0
Therefore the (2m − 2) last columns of the matrix of ϕ (associated to the chosen basis) are proportional to the first one. But we also have θ (X 2 , X 3 ) = 0 and
Similary we show that θ (X 1 , X 3 ) = 0 and
We deduce that ϕ (X 2 , Z) = λϕ (X 1 , Z) , which implies that ϕ is of rank 1. This is impossible and then we have V X = 0.
Proposition 10 Let g be a contact nilpotent Lie algebra. If the affine structure ∇ which is defined by a symplectic cocycle onḡ = g Z( g) can be extended to an affine structure ∇ on g, we have:
for all X∈ g and T ∈ Z( g).
We have that for all vector X in g, V X = 0 and ∇ ((X, 0) , (0, 1)) = (0, a X ) . Then the equality C((X, 0) , (Y, 0) , (Z, 0)) = 0 implies that
This gives the following equation
if we permute the vectors X and Y . We combine this two equations to obtain:
This shows in particular that ∇ ((0, 1) , (0, 1)) = ρ(0, 1) and 
